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It is known that the use of high-order central difference schemes on a Cartesian grid is preferable for the

computation of acoustic wave propagation problems. Those schemes tend to be less dispersive and dissipative
than most other types of schemes. They are also more capable of providing an accurate wave speed. A Cartesian

boundary treatment for problems involving the scattering of acoustic waves by solid objects with curved boundary
surfaces, designed to be used in conjunction with such high-order central difference schemes, is proposed. The

development of this method is based on the observation that a solid wall actually exerts a pressure force on the
¯ uid to keep it from ¯ owing across the wall surface. In this method, ghost values of pressure are introduced at

mesh points adjacent to the solid boundary inside the object. The ghost values are then chosen so that the solid wall
boundary condition is satis® ed. The method is also applicable to objects with sharp corners. Numerical examples

are provided.

I. Introduction

M ANY aeroacousticsproblems,especiallythose in the areasof
duct acoustics and turbomachinery noise, involve the inter-

actionof acousticwaves and curvedsolid surfaces.Accuratenumer-
ical solutions of these problems require high-quality computation
schemes as well as good boundary treatments. This paper reports
the development of a curved wall boundary treatment for use in
conjunction with high-order ® nite difference schemes on Cartesian
grids.

In computational ¯ uid dynamics (CFD) there are two general
approaches for treating curved wall boundaries. They are the com-
posite body-® tted grids1 and the unstructured-grids2 methods. In
usingcompositebody-® tted grids, the physicalplane is mapped into
a computational plane. The mapping or transformation introduces
variable coef® cients into the equations of motion. Thus for wave
propagation problems, the numerical waves effectively propagate
through an inhomogeneous medium in the computation domain.
Unstructured grids, on the other hand, create irregular numerical
interfaces all over the physical space. In contrast, methods that use
regular Cartesian grids are free from these types of arti® cial inho-
mogeneities. For time-independent CFD problems, these arti® cial
inhomogeneitieshaveno adverseeffects on the numerical solutions.
For aeroacousticsproblems, which are time dependent, they could
cause undesirable refraction and scattering of the sound waves. In
some cases, these numerical inhomogeneities could even lead to
nonuniform wave speed.

Many CFD codes, especially those designed for unstructured
grids, use ® nite volume formulation or other low-order schemes.
For time-independentproblems, these low-orderschemeshavebeen
found to perform well. In a recent article, Tam3 discussed some of
the major differences between CFD and computational aeroacous-
tics (CAA) problems. In CAA, the major concerns are numerical
dispersion,dissipation, and inaccuratewave speed errors. These re-
quirements are satis® ed by high-order ® nite difference schemes on
Cartesian grids. Low-order schemes generally do not perform as
satisfactorily.Therefore, high-order schemes on Cartesian grids are
preferred for solving CAA problems. An example of such a CAA
scheme is the dispersion-relation-preserving (DRP) scheme.4
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In a recent work on the re¯ ection of sound waves off plane solid
surfaces, Tam and Dong5 introduced the idea of using ghost val-
ues of pressure to form boundary treatments for high-order ® nite
difference schemes. Their motivation was the need for an extra set
of conditions at wall boundaries to enforce the wall boundary con-
ditions. They chose ghost values of pressure to simulate the wall
pressure computationally.

When the orderof the ® nite differenceequationsof a computation
scheme is higher than that of the original partial differential equa-
tions, extra boundary conditions, other than those of the physical
problem, are required to de® ne a unique solution. In the boundary
treatment of Tam and Dong,5 the need for such additional bound-
ary conditions was avoided by using backward difference stencils
in the wall region. For the case of plane acoustic waves incident on
a plane wall, which is aligned with the grid lines, the entire ® nite
differenceproblem,includingboundarytreatment,can be solvedan-
alytically. Tam and Dong performed such an analysis and reported
that their ghost point boundary treatment led to good agreements
with the exact solutions.

The purpose of this investigation is to extend the ghost point
boundary treatment of Tam and Dong5 to general curved solid sur-
faces. We will con® ne our considerationto two-dimensionalacous-
tic wave scatteringproblems.The extensionfrom ¯ at to curvedsolid
surfaces turns out to be totally nontrivial. Several major dif® culties
have to be overcome.It is easy to show in the case of curvedsurfaces
that there is a couplingof the ghost values. The domain of in¯ uence
of a ghost value is no longer along a single grid line alone.

In CFD, Cartesian boundary schemes are not currently as popu-
lar as composite body-® tted grids and unstructured-grid methods.
The reasons are complicated. They will not be discussed here as
they are not relevant to aeroacoustics computation. For the same
reason, a detailed survey of the literature will not be done. Suf-
® ce to say, Refs. 6±19 offer a set of representative samples of the
various Cartesian grid approachesand emphasis consideredby dif-
ferent investigators. The majority of the schemes have been devel-
opedfor steady-state,transonic¯ owcalculationsusing ® nitevolume
methodology. The works of Berger and LeVeque,8 Chiang et al.,11

and Quirk18 deal with unsteady ¯ ows. But their emphasis is on the
interactionbetween shockwaves and solid surfaces.As far as we are
able to ® nd, there is an almost total absenceof any investigationson
acoustic wave scattering problems by curved surfaces with the ex-
ceptionofChungandMorris.20 In their treatment,Chung and Morris
replacedthe solid bodiesby ¯ uidsof very low density.Thus, thewall
surfaces became surfaces of impedance mismatch, which exhibited
characteristics closely approximating those of a solid surface. Our
approach is, however, fundamentallydifferent. The advantagesand
disadvantagesof the two methods are also very different.
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The rest of this paper is as follows. A general classi® cation
of ghost points is provided in Sec. II. This classi® cation offers a
complete catalog of possible geometric con® gurations of the rela-
tive positions of the boundary curve and ghost points. In Sec. III,
the rules by which the wall boundary condition is enforced are es-
tablished. To suppress the generation of spurious numerical waves
at the wall and to provide numerical stability, arti® cial selective
damping is required in the wall boundary region. This is discussed
in Sec. IV. Numerical results of the present boundary treatment are
given in Sec. V. Examples of the scattering of acoustic waves by
smooth objects as well as bodies with sharp edges are included.
The computed results are comparedwith exact solutions,when they
are available. Otherwise, they are compared with numerical results
computed by a re® ned mesh. Favorable agreements are found.

II. Classi® cation of Mesh and Ghost Points
Consider small amplitude two-dimensionalacousticdisturbances

impinging on a solid surface. The governing equations are the lin-
earized Euler equations, which may be written in dimensionless
form [with respect to length scale L , velocity scale c (sound speed),
time scale L/ c, density scale q 0 (ambient density), and pressure
scale q 0c

2] as
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The term Q on the right-hand side of Eq. (1) represents acoustic
sources. On the solid surface, the physical boundary condition is

V ¢ n = 0 (2)

where n is the unit outward pointing normal of the surface and V
is the velocity vector. By taking the dot product of the momentum
equations of Eq. (1) with n, it is easy to show, in the absence of
surfaceacousticsources,thatboundarycondition(2) is equivalentto

@p

@n
= 0 (3)

It will be assumed thatEq. (1) is to be solvedby a high-order ® nite
difference scheme. Without loss of generality, the 7-point stencil
DRP scheme4 will beused throughoutas a modelof high-order ® nite
difference schemes. The discretized form of Eq. (1) on a Cartesian
grid according to the DRP scheme is
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where ` and m are the indices of the mesh points in the x and y
directions, respectively; D x and D y are the mesh sizes in the x and
y directions; D t is the time step; and superscriptn is the time level.
The stencil coef® cients b j and a j are given in Ref. 3.

The central issue to be discussed here is how to develop and
implement an appropriate discretized boundary condition that is
equivalent to Eq. (2) or Eq. (3) for an arbitrary curved surface. In
this work, the wall boundary condition will be enforced by the use
of ghost values of pressure prescribed at the ghost points following
the idea of Tam and Dong.5 However, before considering curved
wall surfaces with numerous possible kinds of complexities, it is
deemed prudent to ® rst review brie¯ y the basic concepts of ghost
values and ghost points.

a)

b)

Fig. 1 Seven-point stencils used to compute a) y-derivatives of p and b)
y-derivatives of ½, u, and v in the boundary region near a wall at y = 0.

A. Concept of Ghost Points and Ghost Values
Consider the re¯ ection of sound waves by a plane wall located

at y = 0 as shown in Fig. 1. For the three rows of points adjacent
to the wall, a 7-point ® nite difference stencil used to approximate
the y derivativewill involvepoints outside the computationdomain
and, therefore, cannot be implemented. To keep the stencil inside
the computation domain, backward differences may be used. It is
desirableto require the discretizedformof governingequation(1) to
be satis® ed at points on the wall. This is the case for the solution of
the original partialdifferentialequations.However, this will make it
impossible to satisfy the boundary condition, as there will be more
equations than dependent variables. To allow the ® nite difference
solution to satisfy the wall boundary condition, Tam and Dong5

suggested the introduction of a row of ghost points below the wall
(see Fig. 1a) where a set of ghost values of pressure is prescribed.
These ghost values of pressure simulate the actual pressure exerted
by the wall on the ¯ uid. The proposal is to compute all of the y
derivatives according to the backward difference stencils shown in
Fig. 1. The quantities @q / @y, @u/ @y, and @v/@y are all calculated
using values of the variables lying inside the physical domain. For
the y derivative of p, the stencil extends to the ghost point below
the wall. The ghost value of p, i.e., p(n)

,̀ ¡ 1 , is to be chosen so that v (n)
,̀ 0

is zero for all n. This is accomplished through the discretized form
of the y-momentum equation, namely, the third equation of Eqs.
(4) and (5). On writing out in full, the discretized y-momentum
equation at m = 0 becomes
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where a15
i are the optimizedcoef® cientsof the backwarddifferences

stencil of the DRP scheme.3 Equations (6) and (7) are to be used to
® nd v (n + 1)

,̀0 after all of the physical quantitiesare found at the end of
the nth time level.To ensure the wall boundaryconditionv

(n + 1)
,̀0 = 0

is satis® ed, the ghost value p(n)
,̀ ¡ 1 may be found by setting v (n + 1)

,̀0

= 0 in these equations. Upon solving for p(n)
,̀ ¡ 1 , it is easy to ® nd
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It is easy to see that Eq. (8) is tantamount to setting the ghost value
so that@p/@y = 0 at thewall. This is thesameasboundarycondition
(3).
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Fig. 2 Schematic diagram showing a solid body in a Cartesian mesh;
also shown are ² , ghost points and , exterior points.

B. Interior, Exterior, Boundary, and Ghost Points
We will now consider solving acoustic wave scattering problems

involving a solid body with curved surfaces computationally on
a Cartesian grid. For clarity and convenience of reference, each
Cartesianmeshpoint insidethe computationdomainwill be referred
to as an interior, exterior, boundary, and ghost point depending on
its location relative to the boundary curve of the body. This classi® -
cation has proven to be very useful to the programming effort. Let
the body be representedanalyticallyby S(x, y) ·0. The boundary
curve is given by the equality sign, i.e., S(x , y) = 0. We will adopt
the following de® nitions:

1) Interior point: ( ,̀ m) is an interior point (inside ¯ uid region)
if S( D̀ x , m D y) ¸ 0.

2) Exterior point: ( ,̀ m) is an exterior point (inside body) if
S( D̀ x , m D y) < 0.

3) Boundary point: ( ,̀ m) is a boundary point if it is an interior
pointandone or more of the points (`+ i, m), ( ,̀ m+ j ), i, j = §1,

§2, §3 (points in the 7-point stencil), is an exterior point.
4) Ghost point: ( ,̀ m) is a ghost point if it is an exterior point

and one or more of its nearest neighbors, i.e., (`+ i, m), ( ,̀ m + j ),
i = §1, j = §1, is an interior point.

Figure 2 gives a simple illustrationof the various types of points.
For instance, in Fig. 2 B is a boundary point and A is an interior
point.

C. Classi® cation of Ghost Points

In the proposed boundary treatment the solid body is simulated
by the ghost values of pressure at the ghost points. For this to be an
accurate representation of the body, the mesh size of the Cartesian
grid must have been chosen so that it can provide an adequate res-
olution of the surface geometry (boundarycurve). For instance, the
boundary curve must not cut the mesh line between two grid points
more than once. It will be assumed that this is true throughout this
work. Since sound waves propagatewithout a preferred direction, a
square mesh with D x = D y will, in general, be used. This will be
assumed to be the case.

It is self-evident that to be able to implement the present ghost
point method automatically in a computer, a systematic classi® ca-
tion of the relative geometry of the ghost points and the boundary
curve of the body is necessary. Here it can be shown, to within a
simple rotation or re¯ ection, that all ghost points may be classi® ed
into ® ve types with minor variations, i.e., subclassi® cationswithin a
particular type. The type classi® cation depends only on whether the
four nearestneighborsof a ghost point are interioror exteriorpoints.
The subclassi® cation depends on whether those nearest neighbors
that are exterior points are also ghost points.

Fig. 3 Con® gurationsof type 1 ghost points; A is the ghost point under
consideration.

Fig. 4 Con® gurations of type 2 ghost points.

Type 1 Ghost Point

A ghostpointis a type1 ghostpoint if threeof its nearestneighbors
are exterior points. According to whether the nearest neighbors,
which are exterior points, are also ghost points or not, there are
three possible variations as shown in Fig. 3. They will be referred
to as type 1.1, 1.2, and 1.3 ghost points.

Type 2 Ghost Point

A ghost point is a type 2 ghost point if two of its nearestneighbors
are exterior points and these two neighbors are themselves diago-
nally immediate neighbors (see Fig. 4). Within type 2 ghost points,
there are three possible geometrical arrangements. For identi® ca-
tion purposes, these ghost points are labeled as type 2.1, 2.2, and
2.3 ghost points.

Type 3 Ghost Point

A ghost point is a type 3 ghost point if two of its nearestneighbors
are exterior points but they are not diagonally immediate neighbors.
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Fig. 5 Con® gurations of type 3 ghost points.

Fig. 6 Con® gurations of type 4 ghost points.

Fig. 7 Con® gurations of type 5 ghost points.

Again, there are three possible variationswithin this type, as shown
in Fig. 5. They are designatedas type 3.1, 3.2, and 3.3 ghost points.

Type 4 Ghost Point

A ghost point is a type 4 ghost point if only one of its nearest
neighbors is an exterior point. This neighbor may be a ghost point
or just an exterior point. Thus, there are two subtypes, type 4.1 and
4.2 ghost points, as shown in Fig. 6.

Type 5 Ghost Point

A ghostpoint is a type5 ghostpoint if noneof its nearestneighbors
are exterior points. In this case there are two subtypes,namely, type
5.1 and 5.2 ghost points, as shown in Fig. 7.

III. Enforcement of Wall Boundary Condition
In introducing the concept of ghost points and ghost values, it

is apparent that, for the case of a plane wall, one ghost value of
pressure per ghost point would suf® ce. However, for thin bodies
simulated by the type 5 ghost points (see Fig. 7) the ghost points
are responsible for two boundaries. To be able to enforce the wall
boundaryconditionon both boundaries,two ghostvaluesof pressure
must be assigned to each ghost point. Thus, depending on the type
or subtype of ghost point, there may be one or two ghost values of
pressure associated with it.

A. Enforcement Points for Curved Walls

With a ® nite numberof ghost points, the wall boundaryconditions
can only be enforced at a limited number of points on the boundary
curve of the solid body. In this work, information about the body
geometry between the mesh lines of the Cartesian grid will not be
retained. The body will be approximated by straight line segments
between successive intersectionpoints between the boundary curve
of the body and the grid lines. In Figs. 3±7 the approximated body
shape is shown in broken lines. Now, for each ghost value, the wall
boundary condition (2) or (3) will be enforced at the point on the
straight line boundarysegment that is closest to the ghost point.The
enforcement point for each type of ghost point can be standardized
onceand for all.Table1 is a summaryof theappropriateenforcement
points for each type of ghost point. This table also gives the number
of ghost values for the various types of ghost points.

B. Determination of the Ghost Values of Pressure

As in the case of a plane wall, the ghost values of pressure are
determined only after the values of q , u, v , and p are computed at
all interior points at a given time level. Their numerical values are
assigned so that the wall boundary condition is satis® ed at all of the
enforcement points at the next time level. Since most enforcement
points are not mesh points, information concerning the pressure
gradient at these points can only be obtained by interpolation or
extrapolation. In this work, a two-step extrapolation/interpolation
process is carried out. To illustrate this, consider the con® guration
shown in Fig. 8. To ® nd the values of @p/ @x and @p/ @y at the en-
forcement point E at the end of time level n, these derivatives are
® rst found at the grid-lineboundary-curveintersectionpoints A and

Table 1 Enforcement points of wall boundary condition

Type of Number
ghost of ghost Enforcement Reference
point values point Condition ® gure

1.1 1 E if B 0 B < AE 0 0 , C 0 C 3
E 0 if C 0 C < AE 0 0 , B 0 B 3
E 0 0 if AE 0 0 · B 0 B , C 0 C 3
E 0 0 if AE 0 0 > B 0 B, C 0 C 3

1.2 1 E if B 0 B < AE 0 3
E 0 if AE 0 · B 0 B 3

1.3 1 E 3
2.1 1 E 4
2.2 1 E 4
2.3 2 E if B 0 B · AC 4

E 0 0 if AC < B 0 B 4
E 0 if F 0 F · AD 4
E 0 0 if AD < F 0 F 4

3.1 2 E and E 0 5
3.2 2 E if B B 0 · AE 0 0 5

E 0 0 if AE 0 0 < B B 0 5
E 0 if B B 0 0 · AE 0 0 5
E 0 0 if AE 0 0 < B B 0 0 5

3.3 2 E if B B 0 · AE 0 0 , CC 0 5
E 0 if CC 0 < AE 0 0 , B B 0 5
E 0 0 if AE 0 0 · BB 0 , CC 0 5
F if B B 0 0 < AF 0 0 , CC 0 0 5
F 0 if CC 0 0 < AF 0 0 , B B 0 0 5
F 0 0 if AF 0 0 · B B 0 0 , CC 0 0 5

4.1 2 E and E 0 6
4.2 2 E and E 0 6
5.1 2 E and E 0 7
5.2 2 E and E 0 7
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Fig. 8 Points used to determine @p/@x and @p/@y at A and B, the in-
tersection points of the boundary curve and the Cartesian mesh, by
extrapolation.

B. For point A, both @p/ @x and @p/ @y are calculated by extrapo-
lation from those of the seven interior points 10 ±70 . The derivatives
at the interior points are calculated by the 7-point ® nite difference
approximation, either central or backward difference, whichever is
appropriateaccordingto the DRP scheme.Some of thesedifferences
will, no doubt, contain the still unknown ghost values of pressure
at ghost point G1 and G2 at time level n. Similarly, the values of
@p/ @x and @p/@y at B at time level n are obtained by extrapolation
from the seven interior points 1±7. Again, appropriate central or
backward differences are used. Once the derivatives of pressure at
A and B are found, they are linearly interpolatedto the enforcement
point E . Finally, the boundary condition to be satis® ed at E is

@p

@x
nx +

@p

@y
n y = 0 (9)

where nx and n y are the directional cosines of the line G2 E or the
normal to the boundary segment AB.

For each ghost value of a ghost point, there is a boundary con-
dition in the form of Eq. (9). Since the ghost values of p at several
ghost points are included in Eq. (9), the ghost values of pressure are
coupled by a linear system of algebraic equations.These equations
can be put into a matrix system. This is one of the major differences
between the treatmentof a curvedsolid surfaceand a ¯ at surface that
is parallelto a grid line. In the lattercase, there is nocouplingof ghost
values; i.e., the coef® cient matrix of the linear system is diagonal.

The matrix equation may be written in the form

Ap = b (10)

where p is the column vector of all of the ghost values of pressure.
Vector b depends on the value of pressure of the interior points
around the body at time level n. It is a known vector. It can be
shown that the coef® cient matrix A depends only on the geometry
of the body and the mesh size of the Cartesian grid. It is independent
of the time level. Thus, once A is formed, it is necessary to calculate
A ¡ 1 only once. The ghost values are then found for all subsequent
time levels by premultiplying b(n) , i.e.,

p(n)
= A ¡ 1b(n) (11)

Matrix equation (11) is effectively the discretizedform of boundary
condition (3). With curved wall boundary condition (11), problems

involving acoustic scattering by solid bodies of arbitrary geometry,
including those with sharp corners, can be calculated in the time
domain by the DRP scheme. It is possible to develop a computer
program to form the matrix A and vector b(n) automatically. With
such a program, numerical solution of acoustic scattering problems
can be done fairly routinely.

IV. Boundary Damping
The approximation involving the replacement of the boundary

curveof a body by straight line segments invariably introducessome
irregularities in the wall boundary.Such irregularitiesare quite ef® -
cient in generatingshort spuriousnumericalwaves21 in the presence
of incidentacousticwaves. These spuriouswavesnotony pollute the
numerical solution but in many instances could lead to numerical
instability. For these reasons, it is important that arti® cial selec-
tive damping be added to the computation stencils especially in the
boundary region of the solid surface to damp out these waves or
prevent them from being created.

The arti® cial selective damping stencils given in Ref. 3 are
adopted.These stencilsaredesignedso thatdamping is concentrated
primarily on short numerical waves. On incorporatingarti® cial se-
lective damping into the DRP scheme, Eq. (5) becomes

K (n)
,̀m = ¡
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D x S J

aJ E (n)
`+ J ,m ¡
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ak F (n)
,̀m + k

¡
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1

Re D x S j

d j U
(n)
`+ j,m ¡

L

D y

1

Re D y S i

diU
(n)
,̀m + i (12)

where d j are the coef® cients of the damping stencil and Re D x and
ReD y are the mesh Reynolds number (ReD x = c D x/ m a: m a is the ar-
ti® cial kinematic viscosity3). The sum over J , k, j , and i in Eq. (12)
must be adjustedaccordingto the proximity of the point ( ,̀ m) from
thewall. The sizeof thedampingstencilmay be3, 5, or 7. The largest
stencil is to be used whenever possible.

Because we have assumed D x = D y in this work for conve-
nience, we will use Re D to denote the mesh Reynolds number from
now on. In the numerical computations, a spatial distribution of
Re ¡ 1

D in the form of a Gaussian with the largest value at the wall
surface and half-width of four mesh spacings in the normal direc-
tion is used.Away from the wall Re ¡ 1

D reaches the backgroundvalue
of 0.025. In each run, the value Re ¡ 1

D at the wall is incrementally
adjusteduntil a stable solution is obtained.Also 3-point stencil arti-
® cial damping is applied only to the momentum equations.Because
of the existence of ghost values of pressure, its use on the energy
equation (the equation to update p) near the wall includingthe ghost
values would introduce excessive numerical damping.

V. Numerical Results
A computer program has been developed that automatically im-

plements the Cartesian boundary treatment discussed. Once the
mesh size is ® xed and the boundary curve of the body speci® ed, the
programidenti® es the ghostpoints and their types,setsup the coef® -
cientmatrix A and calculatesits inverse, A ¡ 1 , of Eqs. (10) and (11).
During each cycle of computation, the program updates the vector
b(n) anddeterminestheghostvaluesof pressure.To test the effective-
ness and accuracy of the boundary treatment, numerical simulation
of acoustic wave scattering by circular cylinder and bodies with
sharp edges were performed.The results are reported subsequently.

For the purpose of comparison with the present approach, we
note that Ling,22 , 23 Ling and Smith,24 andKhanet al.25 recentlyhave
publishednumerical results of acousticwave scatteringby cylinders
and other objects. However, a closer look reveals that these authors
did not actually perform wave scattering computations.They recast
the problem into a radiation problem. The sound was generated
by the nonhomogeneous boundary condition on the surface of the
body. Ling22, 23 carried out a frequency-domaincomputation using
a low-order ® nite difference scheme (the spatial resolution was not
explicitly given in the paper). Khan et al.25 implemented a ® nite
volume code and time marched the solution to a steady periodic
state using a spatial resolution of approximately 20 mesh spacings
per wavelength. Such a ® ne resolution is required by the low-order
® nite volume scheme. Because of this, they were forced to limit
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Fig. 9a Map of zero pressure contours at the beginning of a cycle as-
sociated with the scattering of plane acoustic waves by a solid cylinder;
D/¸ = 4, ¸ = 8D x: Ð Ð , numerical and ¢ ¢ ¢ ¢ ¢ , exact.

Fig. 9b Enlarged ® gure around the solid cylinder; D/¸ = 4, ¸ = 8 D x:
Ð Ð , numerical and ¢ ¢ ¢ ¢ ¢ , exact.

the size of their computation domain to a distance of no more than
1 1

2
wavelengths from the body. As a result, their results were not

representativeof far-® eld scattered wave solutions.
The numerical results of four test cases will now be presented.

We will use D x( D y = D x), the mesh spacing, as the length scale.
The spatial resolution is taken to be 8 mesh spacings per acoustic
wavelength. This is close to the minimum resolution of 7±8 mesh
spacingsper wavelength requiredof the 7-pointstencilDRP scheme
as discussed in Ref. 3. We believe that any increasein spatial resolu-
tion will undoubtedly improve the quality of the computed results.
The time step used in the z is D t = 0.05. The DRP scheme is
a four-level time marching scheme. Thus, the effective Courant±
Friedrichs±Lewy number is 0.2. Arti® cial selective damping is im-
posed as described in Sec. IV. The results reported here are those
that have been time marched to a periodic state with a maximum
relative error over a period of 10¡ 5.

A. Scattering of Plane Acoustic Waves by a Circular Cylinder
The case of scatteringof plane acousticwaves by a circular cylin-

der was investigated.The plane waves had a wavelength k = 8 D x

Fig. 10 Polar plot of the scattering cross section ¾(µ) of a circular
cylinder with D/¸ = 4: Ð Ð , numerical, ¸ = 12 D x; - - - -, numerical,
¸ = 8D x; and ¢ ¢ ¢ ¢ ¢ , exact at r = 154D x.

and a wave vector pointing in the x direction. The cylinder diam-
eter D was equal to 4 k . In the numerical simulation, a 320 £ 320
grid was used with the cylinder placed right at the center. Nonho-
mogeneous radiation boundary conditions26 were imposed at the
boundariesof the computation domain. These boundary conditions
generate the incoming acoustic waves and at the same time allow
the scattered waves to leave the computational domain with little
re¯ ection. A zero initial condition was used to start the solution.
After the transient disturbancesexited the computationdomain, the
numerical solution settled down to a time-periodic state.

Figure 9a shows the map of the computed zero pressure contours
at the beginning of a period. In this ® gure, the shadow zone behind
the cylinder can easily be seen. There are scattered waves radiating
backward as well as to the upper and lower boundaries of the com-
putation domain. Figure 9b shows an enlarged plot around the solid
cylinder. This scattering problem has an exact solution.27 The zero
pressure contours of the exact solution are plotted as dotted lines in
these ® gures. It is easily seen that there is good agreement between
the numerical results and the exact solution.

The pressure associated with the scattered waves, ps , is equal to
the differencebetweenthe computedsolutionand the incidentwave.
The scattering cross section r (h ) is de® ned by

r (h ) = lim
r ! 1

(r p2
s
)

1
2

where an overbar denotes time average. Figure 10 shows the com-
putedand the exactscatteringcross section.There is goodagreement
between the computed and the exact solution, especially when im-
proved numerical resolution( k = 12D x) is used. The improved nu-
merical resolutionprovides a better approximationof the boundary
curve.

B. Scattering of Plane Acoustic Waves by a Thin Plate

To test the ability of the proposed Cartesian boundary treat-
ment to handle wave scattering by sharp edges, the problem of
scattering of plane acoustic waves by a thin plate (as shown in
Fig. 11) was investigated. A computation domain of 100 £ 100
was used. The incident waves approached the thin plate at a 45-
deg angle. The plate had a thickness of 0.2 D x and tapered off
to zero thickness at the two ends. The length of the plate was 1 1

2
wavelengths. The plate was simulated by a row of type 3.3 ghost
points.

The computed pressure ® eld of the scattered waves along the
upper boundary of the computation domain (y = 45 D x) at the
beginning and at a quarter of a period later are given in Fig. 12.
There is no exact solutionto the thin plate problem.However, a good
approximationof a thin plate is a plate with zero thickness.The zero
thickness plate problem has an exact solution in terms of Mathieu
functions. Here, for comparison purposes, the zero thickness plate
solutioncomputed in the same way as in Ref. 5 is used.This solution
is shown as dotted lines in Fig. 12. There is goodagreementbetween
the two solutions, indicating that the present ghost point boundary
treatmentis effectiveandaccurate,evenforobjectswith sharpedges.

C. Scattering by a Lens-Shaped Airfoil

To provide further testing of the proposed boundary treatment
for bodies with curved smooth surfaces as well as sharp edges,
the case of a lens-shaped airfoil was considered. In the numerical
computation,the incidentacousticwaves weregeneratedby a source
in the energyequation[the fourthcomponentof Eq. (1)]. The source
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Fig. 11 Computationaldomain showing plane acoustic waves incident
at an angle of 45 deg on a thin plate with sharp edges.

a)

b)

Fig. 12 Comparisons between the computed Ð Ð and the exact (zero
thickness plate) ¢ ¢ ¢ ¢ ¢ pressure distribution of the scattering waves
along the line y = 45D x; ¸ = 8 D x: a) at the beginning of a cycle and b)
at a quarter of a cycle later.

had a spatial distribution in the form of a Gaussian function with a
half-width of 3 D x centered at x = ¡ 32D x , y = 0 in a 100 £ 100
computation domain; i.e.,

Q(x , y, t ) = 0.01expf ¡ 2[(x + 32)2 + y2]/ 9g sin x t

The airfoil was formed by two large circular arcs with a maximum
thickness of 2D x and a chord length of 18D x . The airfoil, inclined
at 45 deg to the x axis, was placed at the center of the computa-
tion domain. Because the noise source was inside the computation
domain, radiation boundary conditions4 were used in the numerical
simulation.

Figure 13 is the map of the zero sound pressure contours of the
computed acoustic ® eld at the beginning of an oscillation cycle.
In addition to the shadow zone to the right of the airfoil, there are
strong re¯ ected waves just above the airfoil. Such re¯ ected waves
are anticipated because the left surface of the airfoil is exposed to
the incident waves at a 45-deg angle. There is no exact solution
to the problem. To provide a measure of accuracy, the numerical
computation was repeated using twice the spatial resolution. The

Fig. 13 Map of zero pressure contours at the beginning of a cycle as-
sociated with the scattering of acoustic waves by a lens-shaped airfoil;
¸ = 8D x: Ð Ð , numerical solution and ¢ ¢ ¢ ¢ ¢ , numerical solution with
twice the spatial resolution.

Fig. 14 Map of zero pressure contours at the beginning of a cycle
associated with the scattering of acoustic waves by a double-concave-
shaped airfoil: ¸ = 8D x: Ð Ð , numerical solution and ¢ ¢ ¢ ¢ ¢ , numerical
solution with twice the spatial resolution.

results of this computation are plotted as dotted lines in Fig. 13. For
all intents and purposes, there is little difference between the two
numerical solutions. We take this to be an indication that further
mesh re® nement is unnecessary because the computed solution is
already fairly accurate.

D. Scattering by an Airfoil with a Concave Surface

In the preceding example, the bodies are convex in shape. To test
the accuracy and effectiveness of the proposed boundary treatment
when applied to a concave surface, the problem of scattering by an
airfoil with a concave surface (as shown in Fig. 14) was studied.
The airfoil was formed by a semicircle of radius 10D x intersecting
a circular arc of radius (244)1/ 2 D x . In this test problem, the acous-
tic ® eld was generated by the same noise source as the previous
problem.

Figure 14 shows the map of the computed zero pressure con-
tours at the beginning of an oscillation cycle. There are obvious
differences between the sound ® eld on the concave surface on the
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bottom and that around the convex surface on top. Exact solutionof
the present problem is again unavailable. Shown in dotted lines in
Fig. 14 is the numerical solution with twice the spatial resolution.
The agreement between the two solutions is good.

VI. Conclusion
A Cartesian boundary treatment of solid surfaces had been de-

veloped speci® cally for use in conjunction with high-order ® nite
difference schemes. The heart of the scheme lies in simulating
these surfaces by ghost values of pressure. The ghost values are
determined so that the wall boundary conditions are satis® ed at the
boundarysurface.Numerical examplesare provided to demonstrate
the effectiveness and accuracy of the proposed method.

As pointedout at the beginning,in CFD Cartesianboundarytreat-
ment is not as popular as the use of body-® tted grids or unstructured
grids.However, the same cannotbe said forCAA. Thus far, CFD has
not been proven to be an accurate and ef® cient method for solving
CAA problems.3 Thus, the present Cartesian boundary treatment,
despite its complexities, clearly offers a viable option should accu-
rate numerical solutions be required.

The basic ideas of the present ghost point method are easy to
understand. But on implementation, a fair amount of programming
complexitiesexists. This may require nontrivial initial development
costs. Yet such costs are incurred primarily once. For this reason,
they should not be a deterrent to its use in solving aeroacoustics
problems.

The present method approximates the body by straight line seg-
ments. The accuracy of this approximation improves greatly with
mesh re® nement. It is also well known that the ef® ciency of Carte-
sian boundary treatment also improves with mesh re® nement, as
the number of computation operations in the computation domain
increases much faster than that along the wall boundaries. This is a
signi® cant advantage and should not be overlooked.
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