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Cartesian Boundary Treatment of Curved Walls
for High-Order Computational Aeroacoustics Schemes
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It is known that the use of high-order central difference schemes on a Cartesian grid is preferable for the
computation of acoustic wave propagation problems. Those schemes tend to be less dispersive and dissipative
than most other types of schemes. They are also more capable of providing an accurate wave speed. A Cartesian
boundary treatment for problems involving the scattering of acoustic waves by solid objects with curved boundary
surfaces, designed to be used in conjunction with such high-order central difference schemes, is proposed. The
development of this method is based on the observation that a solid wall actually exerts a pressure force on the
fluid to keep it from flowing across the wall surface. In this method, ghost values of pressure are introduced at
mesh points adjacent to the solid boundary inside the object. The ghost values are then chosen so that the solid wall
boundary condition is satisfied. The method is also applicable to objects with sharp corners. Numerical examples

are provided.

I. Introduction

ANY aeroacousticsproblems, especiallythose in the areas of

duct acoustics and turbomachinery noise, involve the inter-
actionof acoustic waves and curved solid surfaces. Accurate numer-
ical solutions of these problems require high-quality computation
schemes as well as good boundary treatments. This paper reports
the development of a curved wall boundary treatment for use in
conjunction with high-order finite difference schemes on Cartesian
grids.

In computational fluid dynamics (CFD) there are two general
approaches for treating curved wall boundaries. They are the com-
posite body-fitted grids' and the unstructured-grid$ methods. In
using composite body-fitted grids, the physicalplane is mapped into
a computational plane. The mapping or transformation introduces
variable coefficients into the equations of motion. Thus for wave
propagation problems, the numerical waves effectively propagate
through an inhomogeneous medium in the computation domain.
Unstructured grids, on the other hand, create irregular numerical
interfaces all over the physical space. In contrast, methods that use
regular Cartesian grids are free from these types of artificial inho-
mogeneities. For time-independent CFD problems, these artificial
inhomogeneitieshave no adverse effects on the numerical solutions.
For aeroacoustics problems, which are time dependent, they could
cause undesirable refraction and scattering of the sound waves. In
some cases, these numerical inhomogeneities could even lead to
nonuniform wave speed.

Many CFD codes, especially those designed for unstructured
grids, use finite volume formulation or other low-order schemes.
For time-independentproblems, these low-order schemes have been
found to perform well. In a recent article, Tam? discussed some of
the major differences between CFD and computational aeroacous-
tics (CAA) problems. In CAA, the major concerns are numerical
dispersion, dissipation, and inaccurate wave speed errors. These re-
quirements are satisfied by high-order finite difference schemes on
Cartesian grids. Low-order schemes generally do not perform as
satisfactorily. Therefore, high-order schemes on Cartesian grids are
preferred for solving CAA problems. An example of such a CAA
scheme is the dispersion-relationpreserving (DRP) scheme.*
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In a recent work on the reflection of sound waves off plane solid
surfaces, Tam and Dong’® introduced the idea of using ghost val-
ues of pressure to form boundary treatments for high-order finite
difference schemes. Their motivation was the need for an extra set
of conditions at wall boundaries to enforce the wall boundary con-
ditions. They chose ghost values of pressure to simulate the wall
pressure computationally.

When the order of the finite difference equationsof a computation
scheme is higher than that of the original partial differential equa-
tions, extra boundary conditions, other than those of the physical
problem, are required to define a unique solution. In the boundary
treatment of Tam and Dong,’ the need for such additional bound-
ary conditions was avoided by using backward difference stencils
in the wall region. For the case of plane acoustic waves incident on
a plane wall, which is aligned with the grid lines, the entire finite
differenceproblem, includingboundarytreatment,can be solved an-
alytically. Tam and Dong performed such an analysis and reported
that their ghost point boundary treatment led to good agreements
with the exact solutions.

The purpose of this investigation is to extend the ghost point
boundary treatment of Tam and Dong? to general curved solid sur-
faces. We will confine our considerationto two-dimensional acous-
tic wave scattering problems. The extension from flat to curved solid
surfaces turns out to be totally nontrivial. Several major difficulties
haveto be overcome. It is easy to show in the case of curved surfaces
that there is a coupling of the ghost values. The domain of influence
of a ghost value is no longer along a single grid line alone.

In CFD, Cartesian boundary schemes are not currently as popu-
lar as composite body-fitted grids and unstructured-grid methods.
The reasons are complicated. They will not be discussed here as
they are not relevant to aeroacoustics computation. For the same
reason, a detailed survey of the literature will not be done. Suf-
fice to say, Refs. 6-19 offer a set of representative samples of the
various Cartesian grid approaches and emphasis considered by dif-
ferent investigators. The majority of the schemes have been devel-
oped for steady-state,transonicflow calculationsusing finite volume
methodology. The works of Berger and LeVeque,? Chiang et al.,!!
and Quirk!'® deal with unsteady flows. But their emphasis is on the
interaction between shock waves and solid surfaces. As far as we are
able to find, there is an almost total absence of any investigationson
acoustic wave scattering problems by curved surfaces with the ex-
ceptionof Chungand Morris. 2 In theirtreatment, Chung and Morris
replacedthe solid bodies by fluids of very low density. Thus, the wall
surfaces became surfaces of impedance mismatch, which exhibited
characteristics closely approximating those of a solid surface. Our
approach is, however, fundamentally different. The advantages and
disadvantages of the two methods are also very different.
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The rest of this paper is as follows. A general classification
of ghost points is provided in Sec. II. This classification offers a
complete catalog of possible geometric configurations of the rela-
tive positions of the boundary curve and ghost points. In Sec. III,
the rules by which the wall boundary condition is enforced are es-
tablished. To suppress the generation of spurious numerical waves
at the wall and to provide numerical stability, artificial selective
damping is required in the wall boundary region. This is discussed
in Sec. IV. Numerical results of the present boundary treatment are
given in Sec. V. Examples of the scattering of acoustic waves by
smooth objects as well as bodies with sharp edges are included.
The computed results are compared with exact solutions, when they
are available. Otherwise, they are compared with numerical results
computed by a refined mesh. Favorable agreements are found.

II. Classification of Mesh and Ghost Points

Consider smallamplitude two-dimensionalacoustic disturbances
impinging on a solid surface. The governing equations are the lin-
earized Euler equations, which may be written in dimensionless
form [with respectto length scale L, velocity scale ¢ (sound speed),
time scale L/ ¢, density scale g, (ambient density), and pressure
scale pyc?] as
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The term Q on the right-hand side of Eq. (1) represents acoustic
sources. On the solid surface, the physical boundary condition is

V n=0 2)

where n is the unit outward pointing normal of the surface and V
is the velocity vector. By taking the dot product of the momentum
equations of Eq. (1) with n, it is easy to show, in the absence of
surfaceacousticsources,that boundarycondition(2) is equivalentto

o
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It will be assumed that Eq. (1) is to be solved by a high-orderfinite
difference scheme. Without loss of generality, the 7-point stencil
DRP scheme* will be used throughoutas a model of high-order finite
difference schemes. The discretized form of Eq. (1) on a Cartesian
grid according to the DRP scheme is
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where € and m are the indices of the mesh points in the x and y
directions, respectively; Ax and Ay are the mesh sizes in the x and
y directions; At is the time step; and superscript# is the time level.
The stencil coefficients b; and a; are given in Ref. 3.

The central issue to be discussed here is how to develop and
implement an appropriate discretized boundary condition that is
equivalent to Eq. (2) or Eq. (3) for an arbitrary curved surface. In
this work, the wall boundary condition will be enforced by the use
of ghost values of pressure prescribed at the ghost points following
the idea of Tam and Dong.® However, before considering curved
wall surfaces with numerous possible kinds of complexities, it is
deemed prudent to first review briefly the basic concepts of ghost
values and ghost points.

(m=5)
y=0 —— A A Wall - (m=0)
o P b iGhest B
a) i ) ) points (m=-1)
(m=6)
y=0 Wall  (m=0)
b)

Fig.1 Seven-pointstencils used to compute a) y-derivatives of pand b)
y-derivatives of p, u, and v in the boundary region near a wall at y = 0.

A. Concept of Ghost Points and Ghost Values

Consider the reflection of sound waves by a plane wall located
at y = 0 as shown in Fig. 1. For the three rows of points adjacent
to the wall, a 7-point finite difference stencil used to approximate
the y derivative will involve points outside the computationdomain
and, therefore, cannot be implemented. To keep the stencil inside
the computation domain, backward differences may be used. It is
desirableto requirethe discretized form of governingequation(1)to
be satisfied at points on the wall. This is the case for the solution of
the original partialdifferentialequations. However, this will make it
impossible to satisfy the boundary condition, as there will be more
equations than dependent variables. To allow the finite difference
solution to satisfy the wall boundary condition, Tam and Dong®
suggested the introduction of a row of ghost points below the wall
(see Fig. 1a) where a set of ghost values of pressure is prescribed.
These ghost values of pressure simulate the actual pressure exerted
by the wall on the fluid. The proposal is to compute all of the y
derivatives according to the backward difference stencils shown in
Fig. 1. The quantities dp/ 0y, du/ dy, and dv/dy are all calculated
using values of the variables lying inside the physical domain. For
the y derivative of p, the stencil extends to the ghost point below
the wall. The ghost value of p, i.e., p(ﬁ”)_l, is to be chosen so that v(é’g
is zero for all n. This is accomplished through the discretized form
of the y-momentum equation, namely, the third equation of Egs.
(4) and (5). On writing out in full, the discretized y-momentum
equationat m = 0 becomes

vV = v + Ath Ky (6)

l))A ZHISPZ’II—j) (7)

where !’ are the optnnlzed coefficients of the backward differences
stencil of the DRP scheme.? Equations (6) and (7) are to be used to
find v(” *+1 after all of the physical quantitiesare found at the end of
the nth time level. To ensure the wall boundary condition v( pHD — 0
is satisfied, the ghost value p} 4 , may be found by settmg v(” D

= 0 in these equations. Upon solving for p(é’) |, it is easy to ﬁnd
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It is easy to see that Eq. (8) is tantamount to setting the ghost value
so thatdp/ 0y = Oatthe wall. Thisis the same as boundarycondition
(3).
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Fig.2 Schematic diagram showing a solid body in a Cartesian mesh;
also shown are .ghost points and U, exterior points.

B. Interior, Exterior, Boundary, and Ghost Points

We will now consider solving acoustic wave scattering problems
involving a solid body with curved surfaces computationally on
a Cartesian grid. For clarity and convenience of reference, each
Cartesianmesh point insidethe computationdomain will be referred
to as an interior, exterior, boundary, and ghost point depending on
its locationrelative to the boundary curve of the body. This classifi-
cation has proven to be very useful to the programming effort. Let
the body be represented analytlcally by S(x, y) < 0. The boundary
curve is given by the equality sign, i.e., S(x, y) = 0. We will adopt
the following definitions:

1) Interior point: (E, m) is an interior point (inside fluid region)
if S(lAx, mAy) >

2) Exterior pomt (& m) is an exterior point (inside body) if
S(#Ax, mAy) < 0.

3) Boundary point: (4, m) is a boundary point if it is an interior
pointand one or more of the points (€+ i, m), (€, m+ j),i, j = +1

, 43 (points in the 7- pomt stencil), is an exterior point.

4)'Ghost point: (£, m) is a ghost point if it is an exterior point
and one or more of its nearestneighbors, i.e., (€+ i, m), (&, m+ j),
i = 41, j = 41, 1s an interior point.

Figure 2 gives a simple illustration of the varioustypes of points.
For instance, in Fig. 2 B is a boundary point and 4 is an interior
point.

C. Classification of Ghost Points

In the proposed boundary treatment the solid body is simulated
by the ghost values of pressure at the ghost points. For this to be an
accurate representation of the body, the mesh size of the Cartesian
grid must have been chosen so that it can provide an adequate res-
olution of the surface geometry (boundary curve). For instance, the
boundary curve must not cut the mesh line between two grid points
more than once. It will be assumed that this is true throughout this
work. Since sound waves propagate without a preferred direction, a
square mesh with Ax = Ay will, in general, be used. This will be
assumed to be the case.

It is self-evident that to be able to implement the present ghost
point method automatically in a computer, a systematic classifica-
tion of the relative geometry of the ghost points and the boundary
curve of the body is necessary. Here it can be shown, to within a
simple rotation or reflection, that all ghost points may be classified
into five types with minor variations, i.e., subclassifications within a
particulartype. The type classification depends only on whether the
fournearestneighborsofa ghost pointare interior or exterior points.
The subclassification depends on whether those nearest neighbors
that are exterior points are also ghost points.
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Fig.3 Configurationsoftype 1 ghost points; A is the ghost point under
consideration.
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Type 1 Ghost Point

A ghostpointisatype 1 ghostpointif three of its nearestneighbors
are exterior points. According to whether the nearest neighbors,
which are exterior points, are also ghost points or not, there are
three possible variations as shown in Fig. 3. They will be referred
toas type 1.1, 1.2, and 1.3 ghost points.

Type 2 Ghost Point

A ghostpointis atype 2 ghost point if two of its nearestneighbors
are exterior points and these two neighbors are themselves diago-
nally immediate neighbors (see Fig. 4). Within type 2 ghost points,
there are three possible geometrical arrangements. For identifica-
tion purposes, these ghost points are labeled as type 2.1, 2.2, and
2.3 ghost points.

Type 3 Ghost Point
A ghostpointis atype 3 ghost point if two of its nearestneighbors
are exterior points but they are not diagonally immediate neighbors.
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Again, there are three possible variations within this type, as shown
in Fig. 5. They are designatedas type 3.1, 3.2, and 3.3 ghost points.

Type 4 Ghost Point

A ghost point is a type 4 ghost point if only one of its nearest
neighbors is an exterior point. This neighbor may be a ghost point
or just an exterior point. Thus, there are two subtypes, type 4.1 and
4.2 ghost points, as shown in Fig. 6.

Type 5 Ghost Point

A ghostpointisatype 5 ghostpointif noneof its nearestneighbors
are exterior points. In this case there are two subtypes, namely, type
5.1 and 5.2 ghost points, as shown in Fig. 7.

III. Enforcement of Wall Boundary Condition

In introducing the concept of ghost points and ghost values, it
is apparent that, for the case of a plane wall, one ghost value of
pressure per ghost point would suffice. However, for thin bodies
simulated by the type 5 ghost points (see Fig. 7) the ghost points
are responsible for two boundaries. To be able to enforce the wall
boundaryconditionon both boundaries,two ghost valuesof pressure
must be assigned to each ghost point. Thus, depending on the type
or subtype of ghost point, there may be one or two ghost values of
pressure associated with it.

A. Enforcement Points for Curved Walls

With a finite number of ghost points, the wall boundary conditions
can only be enforced at a limited number of points on the boundary
curve of the solid body. In this work, information about the body
geometry between the mesh lines of the Cartesian grid will not be
retained. The body will be approximated by straight line segments
between successive intersectionpoints between the boundary curve
of the body and the grid lines. In Figs. 3—7 the approximated body
shape is shown in broken lines. Now, for each ghost value, the wall
boundary condition (2) or (3) will be enforced at the point on the
straight line boundary segment that is closestto the ghost point. The
enforcement point for each type of ghost point can be standardized
onceand forall. Table 1 is a summary of the appropriateenforcement
points for each type of ghost point. This table also gives the number
of ghost values for the various types of ghost points.

B. Determination of the Ghost Values of Pressure

As in the case of a plane wall, the ghost values of pressure are
determined only after the values of p, u, v, and p are computed at
all interior points at a given time level. Their numerical values are
assigned so that the wall boundary condition is satisfied at all of the
enforcement points at the next time level. Since most enforcement
points are not mesh points, information concerning the pressure
gradient at these points can only be obtained by interpolation or
extrapolation. In this work, a two-step extrapolationinterpolation
process is carried out. To illustrate this, consider the configuration
shown in Fig. 8. To find the values of dp/dx and dp/ dy at the en-
forcement point E at the end of time level n, these derivatives are
first found at the grid-line boundary-curveintersectionpoints 4 and

Table1 Enforcement points of wall boundary condition

Type of Number

ghost of ghost Enforcement Reference
point values point Condition figure
1.1 1 E if BIB < AEN, CIC 3
Er if CIC < AEN, BIB 3
En if AEN « BIB,CIC 3
En if AEN> BIB, CIC 3
1.2 1 E if BIB < AE/ 3
El if AEI < BIB 3
1.3 1 E - 3
2.1 1 E 4
22 1 E 4
2.3 2 E if BIB « AC 4
En if AC €BIB 4
El if FIF < AD 4
En if AD ZTFIF 4
3.1 2 Eand E/ 5
2 2 E if BBl < AEW 5
En if AEI< BB/ 5
E/ if BBl < AEN 5
En if AENIZ BBl 5
33 2 E if BBl « AEN, CC/ 5
Er if CCIT AEN, BB/ 5
En if AEN « BBI,CC/ 5
F if BBII TAFI, CCll 5
Fr if CCl < AFIl, BBl 5
Fi if AFIl « BBI,CCll 5
4.1 2 Eand E/ - 6
4.2 2 Eand E/ 6
5.1 2 Eand E/ 7
5.2 2 Eand E/ 7
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Fig. 8 Points used to determine 0 p/0 x and 0 p/0 y at A and B, the in-
tersection points of the boundary curve and the Cartesian mesh, by
extrapolation.

B. For point 4, both dp/ dx and dp/ dy are calculated by extrapo-
lation from those of the seven interior points 1/~7/. The derivatives
at the interior points are calculated by the 7-point finite difference
approximation, either central or backward difference, whichever is
appropriateaccordingto the DRP scheme. Some of these differences
will, no doubt, contain the still unknown ghost values of pressure
at ghost point G, and G, at time level n. Similarly, the values of
0p/ 0x and dp/dy at B at time level n are obtained by extrapolation
from the seven interior points 1-7. Again, appropriate central or
backward differences are used. Once the derivatives of pressure at
Aand B are found, they are linearly interpolatedto the enforcement
point E. Finally, the boundary condition to be satisfied at E is

op , 0Op

aan+ ayn},_O 9)
where n, and n, are the directional cosines of the line G, E or the
normal to the boundary segment 4B.

For each ghost value of a ghost point, there is a boundary con-
dition in the form of Eq. (9). Since the ghost values of p at several
ghost points are included in Eq. (9), the ghost values of pressure are
coupled by a linear system of algebraic equations. These equations
can be put into a matrix system. This is one of the major differences
betweenthe treatmentofa curvedsolid surface and a flat surface that
is parallelto a grid line. Inthe latter case, there is no couplingof ghost
values; i.e., the coefficient matrix of the linear system is diagonal.

The matrix equation may be written in the form

Ap=b (10)

where p is the column vector of all of the ghost values of pressure.
Vector b depends on the value of pressure of the interior points
around the body at time level n. It is a known vector. It can be
shown that the coefficient matrix A depends only on the geometry
of the body and the mesh size of the Cartesian grid. It is independent
of the time level. Thus, once A is formed, it is necessaryto calculate
A-! only once. The ghost values are then found for all subsequent
time levels by premultiplying b™, i.e.,

p(n) — A_lb(n) (11)

Matrix equation (11) is effectivelythe discretized form of boundary
condition (3). With curved wall boundary condition (11), problems

involving acoustic scattering by solid bodies of arbitrary geometry,
including those with sharp corners, can be calculated in the time
domain by the DRP scheme. It is possible to develop a computer
program to form the matrix A and vector b automatically. With
such a program, numerical solution of acoustic scattering problems
can be done fairly routinely.

IV. Boundary Damping

The approximation involving the replacement of the boundary
curve of a body by straight line segments invariably introducessome
irregularities in the wall boundary. Such irregularities are quite effi-
cient in generatingshort spuriousnumerical waves®! in the presence
of incidentacousticwaves. These spurious waves notony pollute the
numerical solution but in many instances could lead to numerical
instability. For these reasons, it is important that artificial selec-
tive damping be added to the computation stencils especially in the
boundary region of the solid surface to damp out these waves or
prevent them from being created.

The artificial selective damping stencils given in Ref. 3 are
adopted. These stencilsare designed so thatdamping is concentrated
primarily on short numerical waves. On incorporating artificial se-
lective damping into the DRP scheme, Eq. (5) becomes

1
(n) (I’l) (n)
Km_—A E J E+Jm—A F£n1+k

d; U . — d;Uy) 12
AX R@A 2 £+ j.m Ay RGA} 2 Lm+i ( )

where d; are the coefficients of the damping stencil and Rea, and
Rea, are the mesh Reynolds number (Reay = cAx/ v;: v, is the ar-
tificial kinematic viscosity*). The sumover J, k, j,andi in Eq. (12)
must be adjusted accordingto the proximity of the point (€, m) from
the wall. The size of the dampingstencilmay be 3, 5, or 7. The largest
stencil is to be used whenever possible.

Because we have assumed Ax = Ay in this work for conve-
nience, we will use Rea to denote the mesh Reynolds number from
now on. In the numerical computations, a spatial distribution of
Rez! in the form of a Gaussian with the largest value at the wall
surface and half-width of four mesh spacings in the normal direc-
tion is used. Away fromthe wall Rex' reaches the backgroundvalue
of 0.025. In each run, the value Rex' at the wall is incrementally
adjusted untila stable solutionis obtained. Also 3-point stencil arti-
ficial damping is applied only to the momentum equations. Because
of the existence of ghost values of pressure, its use on the energy
equation (the equationto update p) nearthe wall includingthe ghost
values would introduce excessive numerical damping.

V. Numerical Results

A computer program has been developed that automatically im-
plements the Cartesian boundary treatment discussed. Once the
mesh size is fixed and the boundary curve of the body specified, the
programidentifies the ghostpoints and their types, sets up the coeffi-
cient matrix Aand calculatesits inverse, A=, of Eqs. (10)and (11).
During each cycle of computation, the program updates the vector
b and determinesthe ghostvalues of pressure. To test the effective-
ness and accuracy of the boundary treatment, numerical simulation
of acoustic wave scattering by circular cylinder and bodies with
sharp edges were performed. The results are reported subsequently.

For the purpose of comparison with the present approach, we
note that Ling,??*?* Ling and Smith,?* and Khanetal.” recently have
publishednumericalresults of acoustic wave scattering by cylinders
and other objects. However, a closer look reveals that these authors
did not actually perform wave scattering computations. They recast
the problem into a radiation problem. The sound was generated
by the nonhomogeneous boundary condition on the surface of the
body. Ling?*? carried out a frequency-domain computation using
a low-order finite difference scheme (the spatial resolution was not
explicitly given in the paper). Khan et al.?* implemented a finite
volume code and time marched the solution to a steady periodic
state using a spatial resolution of approximately 20 mesh spacings
per wavelength. Such a fine resolution is required by the low-order
finite volume scheme. Because of this, they were forced to limit
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Fig.9a Map of zero pressure contours at the beginning of a cycle as-
sociated with the scattering of plane acoustic waves by a solid cylinder;
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the size of their computation domain to a distance of no more than
1% wavelengths from the body. As a result, their results were not
representative of far-field scattered wave solutions.

The numerical results of four test cases will now be presented.
We will use Ax(Ay = Ax), the mesh spacing, as the length scale.
The spatial resolution is taken to be 8 mesh spacings per acoustic
wavelength. This is close to the minimum resolution of 7-8 mesh
spacings per wavelengthrequired of the 7-pointstencil DRP scheme
as discussedin Ref. 3. We believethat any increase in spatial resolu-
tion will undoubtedly improve the quality of the computed results.
The time step used in the z is Az = 0.05. The DRP scheme is
a four-level time marching scheme. Thus, the effective Courant—
Friedrichs-Lewy number is 0.2. Artificial selective damping is im-
posed as described in Sec. IV. The results reported here are those
that have been time marched to a periodic state with a maximum
relative error over a period of 10—,

A. Scattering of Plane Acoustic Waves by a Circular Cylinder
The case of scattering of plane acoustic waves by a circular cylin-
der was investigated. The plane waves had a wavelength A= 8Ax

Fig. 10 Polar plot of the scattering cross section o(6) of a circular
cylinder with DIA = 4: ——, numerical, A = 12A x; ----, numerical,
A =8Ax; and .sexact at r= 154A x.

and a wave vector pointing in the x direction. The cylinder diam-
eter D was equal to 44 In the numerical simulation, a 320,320
grid was used with the cylinder placed right at the center. Nonho-
mogeneous radiation boundary conditions®® were imposed at the
boundaries of the computation domain. These boundary conditions
generate the incoming acoustic waves and at the same time allow
the scattered waves to leave the computational domain with little
reflection. A zero initial condition was used to start the solution.
After the transient disturbances exited the computation domain, the
numerical solution settled down to a time-periodic state.

Figure 9a shows the map of the computed zero pressure contours
at the beginning of a period. In this figure, the shadow zone behind
the cylinder can easily be seen. There are scattered waves radiating
backward as well as to the upper and lower boundaries of the com-
putation domain. Figure 9b shows an enlarged plot around the solid
cylinder. This scattering problem has an exact solution?’ The zero
pressure contours of the exact solution are plotted as dotted lines in
these figures. It is easily seen that there is good agreement between
the numerical results and the exact solution.

The pressure associated with the scattered waves, p;, is equal to
the difference betweenthe computed solutionand the incident wave.
The scattering cross section o(6) is defined by

j—
o(0) = lim (rp2)?
r _)m
where an overbar denotes time average. Figure 10 shows the com-
putedand the exactscatteringcross section. There is good agreement
between the computed and the exact solution, especially when im-
proved numericalresolution(A = 12Ax) is used. The improved nu-
merical resolution provides a better approximationof the boundary
curve.

B. Scattering of Plane Acoustic Waves by a Thin Plate

To test the ability of the proposed Cartesian boundary treat-
ment to handle wave scattering by sharp edges, the problem of
scattering of plane acoustic waves by a thin plate (as shown in
Fig. 11) was investigated. A computation domain of 100,100
was used. The incident waves approached the thin plate at'a 45-
deg angle. The plate had a thickness of 0.2Ax and tapered off
to zero thickness at the two ends. The length of the plate was 1%
wavelengths. The plate was simulated by a row of type 3.3 ghost
points.

The computed pressure field of the scattered waves along the
upper boundary of the computation domain (y = 45Ax) at the
beginning and at a quarter of a period later are given in Fig. 12.
There is no exact solutionto the thin plate problem. However, a good
approximationof a thin plate is a plate with zero thickness. The zero
thickness plate problem has an exact solution in terms of Mathieu
functions. Here, for comparison purposes, the zero thickness plate
solutioncomputed in the same way as in Ref. 5 is used. This solution
is shownas dotted lines in Fig. 12. There is good agreement between
the two solutions, indicating that the present ghost point boundary
treatment is effectiveand accurate,even for objects with sharpedges.

C. Scattering by a Lens-Shaped Airfoil

To provide further testing of the proposed boundary treatment
for bodies with curved smooth surfaces as well as sharp edges,
the case of a lens-shaped airfoil was considered. In the numerical
computation,the incidentacoustic waves were generated by a source
inthe energy equation[the fourth componentof Eq. (1)]. The source



KURBATSKII AND TAM 139

; 0.2ax 200860888
& H L=12A%
Incident acoustic
wave
45°
- lOOA X

Fig.11 Computational domain showing plane acoustic waves incident
at an angle of 45 deg on a thin plate with sharp edges.
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Fig. 12 Comparisons between the computed —— and the exact (zero

thickness plate) . ... pressure distribution of the scattering waves
along the line y = 45A x; A = 8A x: a) at the beginning of a cycle and b)
at a quarter of a cycle later.

had a spatial distribution in the form of a Gaussian function with a
half-width of 3Ax centeredat x = _32Ax, y = 0 ina 100 % 100
computation domain; i.e.,

O(x,y,t) = 0.0lexp{_ fe 2[(x + 32)% + yz]/9}sinca‘

The airfoil was formed by two large circular arcs with a maximum
thickness of 2Ax and a chord length of 18 Ax. The airfoil, inclined
at 45 deg to the x axis, was placed at the center of the computa-
tion domain. Because the noise source was inside the computation
domain, radiation boundary conditions* were used in the numerical
simulation.

Figure 13 is the map of the zero sound pressure contours of the
computed acoustic field at the beginning of an oscillation cycle.
In addition to the shadow zone to the right of the airfoil, there are
strong reflected waves just above the airfoil. Such reflected waves
are anticipated because the left surface of the airfoil is exposed to
the incident waves at a 45-deg angle. There is no exact solution
to the problem. To provide a measure of accuracy, the numerical
computation was repeated using twice the spatial resolution. The
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Fig. 13 Map of zero pressure contours at the beginning of a cycle as-
sociated with the scattering of acoustic waves by a lens-shaped airfoil;
A =8Ax: , numerical solutionand |, , numerical solution with

twice the spatial resolution.
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Fig. 14 Map of zero pressure contours at the beginning of a cycle
associated with the scattering of acoustic waves by a double-concave-
shaped airfoil: A = 8A x: , numericalsolutionand _,, ,, numerical
solution with twice the spatial resolution.

results of this computation are plotted as dotted lines in Fig. 13. For
all intents and purposes, there is little difference between the two
numerical solutions. We take this to be an indication that further
mesh refinement is unnecessary because the computed solution is
already fairly accurate.

D. Scattering by an Airfoil with a Concave Surface

In the preceding example, the bodies are convex in shape. To test
the accuracy and effectiveness of the proposed boundary treatment
when applied to a concave surface, the problem of scattering by an
airfoil with a concave surface (as shown in Fig. 14) was studied.
The airfoil was formed by a semicircle of radius 10Ax intersecting
a circular arc of radius (244)/2 Ax. In this test problem, the acous-
tic field was generated by the same noise source as the previous
problem.

Figure 14 shows the map of the computed zero pressure con-
tours at the beginning of an oscillation cycle. There are obvious
differences between the sound field on the concave surface on the
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bottom and that around the convex surface on top. Exact solutionof
the present problem is again unavailable. Shown in dotted lines in
Fig. 14 is the numerical solution with twice the spatial resolution.
The agreement between the two solutions is good.

VI. Conclusion

A Cartesian boundary treatment of solid surfaces had been de-
veloped specifically for use in conjunction with high-order finite
difference schemes. The heart of the scheme lies in simulating
these surfaces by ghost values of pressure. The ghost values are
determined so that the wall boundary conditionsare satisfied at the
boundary surface. Numerical examples are provided to demonstrate
the effectiveness and accuracy of the proposed method.

As pointedout at the beginning, in CFD Cartesian boundarytreat-
ment is not as popularas the use of body-fitted grids or unstructured
grids. However, the same cannot be said for CAA. Thus far, CFD has
not been proven to be an accurate and efficient method for solving
CAA problems.? Thus, the present Cartesian boundary treatment,
despite its complexities, clearly offers a viable option should accu-
rate numerical solutions be required.

The basic ideas of the present ghost point method are easy to
understand. But on implementation, a fair amount of programming
complexities exists. This may require nontrivial initial development
costs. Yet such costs are incurred primarily once. For this reason,
they should not be a deterrent to its use in solving aeroacoustics
problems.

The present method approximates the body by straight line seg-
ments. The accuracy of this approximation improves greatly with
mesh refinement. It is also well known that the efficiency of Carte-
sian boundary treatment also improves with mesh refinement, as
the number of computation operations in the computation domain
increases much faster than that along the wall boundaries. This is a
significant advantage and should not be overlooked.

Acknowledgment

This work was supported in part by NASA Langley Research
Center Grant NAG 1-1479.

References

ISteger,J. L., and Benek, J. A., “On the Use of Composite Grid Schemes in
Computational Aerodynamics,” Computer Methods in Applied Mechanical
Engineering, Vol. 64, 1987, pp. 301-320.

2Venkatakrishnan, V., “A Perspective on Unstructured Grid Flow Solvers,”
Inst. for Computer Applications in Science and Engineering, ICASE Rept.
95-3, Feb. 1995.

3Tam, C. K. W., “Computational Aeroacoustics: Issues and Methods,”
AIAA Journal, Vol. 33, No. 10, 1995, pp. 1788-1796.

4Tam, C. K. W., and Webb, J. C., “Dispersion-Relation-Preserving Finite
Difference Schemes for Computational Acoustics,” Journal of Computa-
tional Physics, Vol. 107, Aug. 1993, pp. 262-281.

5Tam, C. K. W.,and Dong, Z., “Wall Boundary Conditions for High-Order
Finite Difference Schemes in Computational Aeroacoustics,” Theoretical
and Computational Fluid Dynamics, Vol. 6, No. 6, 1994, pp. 303-322.

Gaffney, R. L., Hassan, H. A_, and Salas, M. D., “Euler Calculations for
Wings Using Cartesian Grids,” AIAA Paper 87-0356,1987.

TClarke, D. K., Salas, M. D., and Hassan, H. A., “Euler Calculations for

Multielement Airfoils Using Cartesian Grids,” AIAA Journal, Vol. 24, No.
3, 1986, pp. 353-358.

$Berger, M. I, and Le Veque, R. J., “An Adaptive Cartesian Mesh Al-
gorithm for the Euler Equations in Arbitrary Geometries,” AIAA Paper 89-
1930, 1989.

9Berger M. J., and Colella, P, “Local Adaptive Mesh Refinement for
Shock Hydrodynamics,” Journal Computational Physics, Vol. 82,1989, pp.
64-84.

19Young, D. P., Melvin,R. G., Bieterman, M. B., Johnson, F. T., Samant, S.
S.,and Bussoletti,J. E., “A Locally Refined Rectangular Grid Finite-Element
Method: Application to Computational Fluid Dynamics and Computational
Physics,” Journal of Computational Physics, Vol. 92, 1991, pp. 1-66.

1 Chiang, Y-L, van Leer, B., and Powell, K. G., “Simulation of Unsteady
Inviscid Flow on an Adaptively Refined Cartesian Grid,” AIAA Paper 92-
0442,1992.

12Bayyuk,S. A., Powell, K. G., and van Leer, B., “A Simulation Technique
for 3-D Unsteady Inviscid Flows Around Arbitrarily Moving and Deform-
ing Bodies of Arbitrary Geometry,” AIAA Paper 93-3391,1993.

3Coirier, W.J.,and Powell, K. G., “An Accuracy Assessment of Cartesian
Mesh Approaches for the Euler Equations,” ATAA Paper 93-3335,1993.

4Falle, S. A. E. G., and Giddings, J., “Body Capturing Using Adaptive
Cartesian Grids,” Numerical Methods in Fluid Dynamics, Vol. 4, 1993, pp.
337-343.

5Melton, J. E., Enomoto, F. Y., and Berger M. J., “3D Automatic Carte-
sian Grid Generation for Euler Flows,” AIAA Paper 93-3386, 1993.

16pember, R. B., Bell, J. B., Colella, P., Crutchfield, W. Y., and Welcome,
M. L., “Adaptive Cartesian Grid Methods for Representing Geometry in
Inviscid Compressible Flow,” AIAA Paper 93-3385, 1993.

1"De Zeeuw, D., and Powell, K. G., “An Adaptively Refined Cartesian
Mesh Solver for the Euler Equations,” Journal of Computational Physics,
Vol. 104, 1993, pp. 56-68.

18Quirk, J. J., “An Alternative to Unstructured Grids for Computing Gas
Dynamic Flows Around Arbitrarily Complex Two-Dimensional Bodies,”
Computers and Fluids, Vol. 23,1994, pp. 125-142.

19Quirk, J. J., “A Cartesian Grid Approach with Hierarchical Refinement
for Compressible Flows,” Inst. for Computer Applications in Science and
Engineering, ICASE Rept. 94-51, June 1994.

20Chung, C., and Morris, P. J., “A New Boundary Treatment for Two-
and Three-Dimensional Acoustic Scattering Problems,” First Joint Con-
federation of European Aerospace Societies/AIAA Aeroacoustics Conf.,
CEAS/ATAA Paper 95-008, Munich, Germany, June 1995.

21Tam, C. K. W., Webb, J. C., and Dong, Z., “A Study of the Short Wave
Components in Computational Acoustics,” Journal of Computational Acous-
tics, Vol. 1, March 1993, pp. 1-30.

22Ling, R. T., “Numerical Solution for the Scattering of Sound Waves by
a Circular Cylinder,” AIAA Journal, Vol. 25, No. 4, 1987, pp. 560-566.

2Ling, R. T., “Finite-Difference Approach to Scattering of Sound Waves
in Fluids,” AI4A4 Journal, Vol. 26, No. 2, 1988, pp. 151-155.

24Ling, R. T., and Smith, T. D., “Scattering of Acoustic and Electro-
magnetic Waves by an Airfoil,” 4144 Journal, Vol. 27, No. 3, 1989, pp.
268-273.

25Khan, M. M. S., Brown, W. H., and Ahuja, K. K., “Computational
Aeroacoustics as Applied to the Diffraction of Sound by Cylindrical Bodies,”
AIAA Journal, Vol. 25, No. 7, 1987, pp. 949-956.

26Tam, C. K. W., Fang, J., and Kurbatskii, K. A., “NonhomogeneousRa-
diation and Outflow Boundary Conditions Simulating Incoming Acoustic
and Vorticity Waves for Exterior Computational Aeroacoustics Problems,”
International Journal of Numerical Methods in Fluids (submitted for publi-
cation), 1996.

2TMorse, P. M., and Ingard, K. U., Theoretical Acoustics, McGraw—Hill,
New York, 1968.



